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Abstract We study cosmological models with interaction
between dark energy (DE) and dark matter (DM). For the
interaction term Q in cosmic evolution equations, there is a
model-independent degeneracy-breaking (D-B) point when
Q1 (a part of Q) equals to zero, where the interaction can be
probed without degeneracy between the constant DE equa-
tion of state (EoS).
1 Introduction
Astronomical observations of supernovae [1, 2], cosmic mi-
crowave background radiation (CMB) [3–5] and large-scale
structure [6, 7] indicate that our universe is currently under-
going an accelerated expansion. Among the various obser-
vations, the Hubble parameter H directly shows the expan-
sion by its definition: H = a˙/a, where a is the cosmic scale
factor and a˙ is its change rate with respect to cosmic time
[8]. According to general relativity, H depends on the con-
stituents of the universe. Planck [5] shows that the present
universe consists of approximately 69.1% of DE, 25.9% of
DM, 4.9% of baryon matter and a small amount of radiation.
DE and DM are hypothetical form of energy and matter that
spread throughout our universe. However, they can not be
directly measured since little or no detectable radiations are
emitted by themselves. Despite of this, they have obvious
effects on the universe. DE causes the cosmic accelerated
expansion due to its negative pressure and DM affects the
cosmic evolution via its gravity. In the ΛCDM model, the
DE candidate is a simple cosmological constant and can be
understood as a vacuum energy with an EoS of w=−1. This
leads to a constant energy density of DE. Most observations
can be well explained by this model, which has consequently
been accepted as the standard cosmological paradigm. How-
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ever, some problems exist and alternative theories are pos-
sible [9]. Also, some observational results remain challeng-
ing. For example, the observational Hubble parameter data
(OHD) of H (z= 2.34) = 222± 7[kms−1 Mpc−1] (H2.34)
that obtained by BOSS and lies below the prediction of the
ΛCDM model [10]. Many studies relate this H2.34 data to a
dynamical DE - a straightforward way to modify theΛCDM
model. Ref. [11] shows the DE is evolving from SN and fgas
data, and is consistent with H2.34 data. Ref. [12] presents
that a dynamical DE can alleviate the tension between H2.34
data along with low redshift H(z) and the standard ΛCDM
model. Ref. [13] demonstrates tests of a variety of models
that allow for the evolution of DE based on BAO, CMB and
SN data. Ref. [14] fits a dynamical DE including H2.34 data.
Some other related work can be found in Refs. [15, 16]. In
this paper, DE is also considered to be dynamical, but with a
different physical meaning - the interaction between DE and
DM.
Before going forward we need to give a brief introduc-
tion of the DE-DM interaction. Starting from the standard
ΛCDM model, the energy densities of DE and DM evolve
as ρDE = ρDE,0×a−3(1+w) and ρDM = ρDM,0×a−3 respectively.
Here ρ0 is the energy density present-day. The current ratio
of DE to DM in energy density is ρDE/ρDM ≈ 2.67 [5], which
leads to the "Coincidence Puzzle". That is, why do the en-
ergy densities of DE and DM evolve at considerably differ-
ent rates as the universe expands but happen to be of the
same magnitude right now? To alleviate or resolve this puz-
zle, some researchers introduce an assumption regarding an
interaction between DE and DM. This is quite reasonable,
because the nature of DE and DM is unknown and interac-
tion is permitted in the field theory [17]. In this situation, the
energy densities of DE and DM are linked to each other and
thereby both become dynamical, providing themselves abil-
ities to be comparable and thus lessening the coincidence.
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2Some studies are as follows: Refs. [17–22] show that energy
transferring from DE to DM can alleviate the coincidence
problem. In addition, Refs. [22–25] study the interaction in-
cluding H2.34 data. Ref. [19] investigates possible ways to
break the degeneracy between interaction and DE EoS or
DM abundance based on the perturbation evolution of DE
and DM. Refs. [26, 27] discuss the effects of interaction on
cosmological parameters. Refs. [25, 28, 29] study the effects
of interaction on CMB. Refs. [30–32] discuss the interaction
models based on dynamical system. And some other related
studies can be found in Refs. [33–45].
However, instead of the coincidence puzzle or other sub-
jects, we focus on the interaction term Q itself and explore
its model-independent properties. After analyzing the struc-
ture of Q, a model-independent D-B point is found when
Q1 = 0. At this point, the interaction does not depend on the
constant DE EoS w. This property provides an opportunity
for probing the interaction without degeneracy between w
at the D-B point in theory and makes tighter constraints of
the interaction nearby the D-B point in practice. The Gaus-
sian Process (GP) and Monte Carlo Markov Chain (MCMC)
methods [47, 48] are used to reconstruct needed quantities
that are not based on cosmological models. We reconstruct
the distribution of the D-B point with two covariance func-
tions for comparison. A normal distribution with a mean
value of zD-B ≈ 1.4026 or zD-B ≈ 1.3659 is obtained with
Gaussian or Matern (v = 9/2) covariance function respec-
tively. Though the location of the D-B point depends on the
Hubble parameter and its derivatives, its property for break-
ing degeneracy is cosmological-model-independent.
This paper is organized as follows. In Section 2, the GP
method is introduced in Subsection 2.1, and then H as well
as its derivatives are reconstructed from OHD in Subsec-
tion 2.2. In Section 3, the interaction term is introduced into
cosmic evolution equations in Subsection 3.1, and the prop-
erties of the D-B point is discussed in Subsection 3.2. Fi-
nally, we draw conclusions in Section 4.
2 Gaussian Process
In this section the methodology of GP is introduced in the
first subsection, and H(z) along with its derivatives are re-
constructed via GP as examples in the second subsection.
2.1 Methodology
We don’t know about the nature of DE and DM, so their
physical models are poorly motivated from fundamental un-
derstandings. There is a good alternative way to use model-
independent reconstruction method for finding a high con-
fidence region that traps the true theory. GP meets our re-
quirement since it is a fitting method with no need for pa-
rameterization function in advance [47, 48]. In other words,
it is not based on cosmological models. However, two addi-
tional assumptions are required. The first assumption is that
any two points on the function to be fitted are correlated by
a covariance function. The second one is that all function
points obey a joint Gaussian distribution.
Regarding the first assumption, the Hubble parameter
function H(z) is considered as an example. The correlation
between any two points H(zi) and H(z j) is calculated by the
covariance function k(zi,z j), where the "Gaussian Squared
Exponential" is employed for simplicity in mathematics [47,
48] (An alternative covariance function is considered in Sub-
section 3.2):
k (zi,z j) = σ2f ×Exp
(
− (zi− z j)
2
2l2
)
. (1)
As we can see, the correlation is increasing when these two
points are approaching each other. When they coincide, the
maximum correlation σ2f is obtained. σ f and l are two hy-
perparameters, which do not specify the form of the co-
variance function. They are determined by using the max-
imum likelihood method and depend on the observational
data only [47, 48].
The second assumption is that all Hubble parameter val-
ues form a joint Gaussian distribution:
H1
H2
...
Hn
H∗
∼N


µ1
µ2
...
µn
µ∗
 ,

k11 k12 . . . k1n k1∗
k21 k22 . . . k2n k2∗
...
...
...
...
...
kn1 kn2 . . . knn kn∗
k∗1 k∗2 . . . k∗n k∗∗

=N (µ,K) .
H1, H2 · · · Hn are n observational values, and H∗ is the
value to be fitted at the redshift z∗. They form a (n+1)-
dimensional joint Gaussian distribution. µ is a priori mean
function of the covariance and is assumed to be 0 [47].
So far, the reconstructed value H∗ can be obtained. It is
a Gaussian random variable with a mean value H∗ and a
standard deviation σH∗ as follows:
H∗ = k∗k−1n [H1,H2 · · ·Hn]T ,
σ2H∗ = k∗∗−k∗k−1n kT∗ ,
where
kn = [k (zi,z j)] (i, j = 1,2 · · ·n) ,
k∗ = [k1∗,k2∗ · · ·kn∗] , k∗∗ = σ2f .
When the observational error is considered, kn needs to
be changed as:
kwith error = kn+δ i jσ2error.
3The derivatives of H∗ can also be reconstructed. Its mean
value and corresponding standard deviation are:
H(m)∗ = k
(m)
∗ k−1n [H1,H2 · · ·Hn]T ,
σ2
H(m)∗
= k(m,m)∗∗ −k(m)∗ k−1n k(m)T∗ ,
where m denotes mth derivative with respect to z∗.
After the functionH and its derivatives are reconstructed,
a composed function F (z,H,H ′,H ′′ · · ·) may be considered
next. In this situation, H and its derivatives are generally
correlated at the same redshift z∗:
Cov
(
H(i)z∗ ,H
( j)
z∗
)
= k(i, j)∗∗ −k(i)∗ k−1n k( j)T∗ , (2)
where i, j denote the ith, jth derivative with respect to z∗.
Therefore, random sampling is needed for reconstruction.
We employ the Monte Carlo sampling method to obtain one
set of values of H, H ′, H ′′ · · · at z∗ from a multivariate nor-
mal distribution, whose covariance function is Eq.(2). Then
every set can lead to one function value F(z∗). After repeat-
ing this for many times, the distribution of F(z∗) can be ob-
tained. Performing this process at different redshifts, the re-
constructed function F(z) can be achieved.
In particular, the study about the reliability of GP can be
found in Ref. [49]. For more GP related work, please refer
to Refs. [50–56].
2.2 GP reconstruction
As GP examples, H(z) and its 1th and 2th derivatives are re-
constructed from OHD (Table 1). There are 38 data points
in total and they are obtained from galaxy surveys via two
methods [57, 58]: one is the differential galaxies age method,
first proposed by Ref. [59]; the other is the radial BAO size
method, discussed by Refs. [6, 60] in the early time. The re-
construction of H(z) is shown in Fig. 1. The reconstructions
of H ′(z) and H ′′(z) are shown in Fig. 2. A Python package
"GaPP" including GP and MCMC methods is used. Details
can be found in Refs. [47, 48]. We run the program in Python
2.7.15 after modifying "== none" to "is none" in the source
code.
3 Interaction and the D-B point
In this section, the interaction term is introduced into the
cosmic evolution equations in the first subsection, and prop-
erties of the D-B point are discussed in the second subsec-
tion.
z H
[
km s−1 Mpc−1
]
Method Reference
0.0708 69.0±19.68 1 [61]
0.09 69.0±12.0 1 [62]
0.12 68.6±26.2 1 [61]
0.17 83.0±8.0 1 [63]
0.179 75.0±4.0 1 [64]
0.199 75.0±5.0 1 [64]
0.20 72.9±29.6 1 [61]
0.240 79.69±2.65 2 [65]
0.27 77.0±14.0 1 [63]
0.28 88.8±36.6 1 [61]
0.35 84.4±7.0 2 [66]
0.352 83.0±14.0 1 [64]
0.3802 83.0±13.5 1 [67]
0.4 95.0±17.0 1 [63]
0.4004 77.0±10.2 1 [67]
0.4247 87.1±11.2 1 [67]
0.43 86.45±3.68 2 [65]
0.44 82.6±7.8 2 [68]
0.4497 92.8±12.9 1 [67]
0.4783 80.9±9.0 1 [67]
0.48 97.0±62.0 1 [69]
0.57 92.4±4.5 1 [70]
0.593 104.0±13.0 1 [64]
0.6 87.9±6.1 1 [68]
0.68 92.0±8.0 1 [64]
0.73 97.3±7.0 2 [68]
0.781 105.0±12.0 1 [64]
0.875 125.0±17.0 1 [64]
0.88 90.0±40.0 1 [69]
0.9 117.0±23.0 1 [63]
1.037 154.0±20.0 1 [64]
1.3 168.0±17.0 1 [63]
1.363 160.0±33.6 1 [71]
1.43 177.0±18.0 1 [63]
1.53 140.0±14.0 1 [63]
1.75 202.0±40.0 1 [63]
1.965 186.5±50.4 1 [71]
2.34 222.0±7.0 2 [10]
Table 1 OHD from galactic surveys. There are two methods used. In
the above table, "1" represents the differential galaxies age method,
and "2" represents the radial BAO size method.
3.1 Interaction
It is necessary to know how the interaction term is intro-
duced into cosmic evolution equations. Assuming a spatially
flat Friedmann–Robertson–Walker universe, if there is no in-
teraction between DE and DM, energy conservation is kept
within each of them, namely:
T µνDE;ν = 0, T
µν
DM;ν = 0, (3)
where T µνDE and T
µν
DM are energy-momentum tensors of DE
and DM separately. When interaction is introduced between
them, Eq. (3) becomes:
T µνDE;ν = F
µ , T µνDM;ν =−Fµ , (4)
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Fig. 1 Reconstruction of HGP(z) via GP from OHD (Table 1). The blue
points with errors are OHD. The black line is the GP reconstruction
result HGP(z). The blue bands show the 1σ and 2σ regions of recon-
struction.
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Fig. 2 Upper panel: Reconstruction of H ′GP(z) via GP from OHD (Ta-
ble 1). Lower panel: Reconstruction of H ′′GP(z) via GP from OHD (Ta-
ble 1). The blue bands show the 1σ and 2σ regions of reconstructions.
here Fµ is the force from DM acting on DE. In this situation,
DE and DM keep energy conservation as a whole [46]:
(
T µνDE +T
µν
DM
)
;ν = 0.
However, there exists energy transfer between DE and DM,
making their energy densities both dynamical. The corre-
sponding evolution equations with respect to redshift z can
be derived from Eq. (4), and are given as Eq. (6) and Eq.
(7). By combining these equations with the baryon density
equation Eq. (5) and two Friedmann equations Eq. (8) and
Eq. (9), we obtain a set of equations that describe the evolu-
tion of the universe after the cosmic recombination:
ρ ′bH (1+ z)−3Hρb = 0, (5)
ρ ′DEH (1+ z)−3(1+w)HρDE = Q, (6)
ρ ′DMH (1+ z)−3HρDM =−Q, (7)
H2 = (ρb+ρDM+ρDE)/3, (8)
H ′H (1+ z) = (ρb+ρDM+(1+w)ρDE)/2. (9)
Here ′ represents taking derivative with respect to the red-
shift z, and a= 1/(1+ z) is used for variable transformation
from a to z. ρb, ρDE and ρDM are baryon, DE and DM energy
densities respectively. The small amount of radiation is ne-
glected. Dimensionless parameter w is the constant DE EoS
and Q is the interaction term, which represents the energy
transfer rate between DE and DM. If Q< 0, the energy flows
from DE to DM and vice versa. When Q = 0 with w =−1,
the standard ΛCDM model is recovered. We set 8piG = 1
for simplicity in this paper.
3.2 The D-B point
The main results of our study are presented in this subsec-
tion, and the general content is outlined here. At the start, we
obtain the interaction term Q from cosmic evolution equa-
tions. After analyzing its structure, the D-B point is found
when Q1 = 0 and the value of Q at the D-B point is most
likely positive. After that, the feasibility of the D-B point in
observation is discussed based on the error propagation be-
tween Q and w. At last, distribution of the location of the D-
B point is reconstructed and two different covariance func-
tions are considered for comparison.
First of all, the theoretical expression of Q is needed. We
start from the DE energy density, which can be derived from
Eq. (8) and Eq. (9) :
ρDE =
2H ′H (1+ z)−3H2
w
. (10)
Then, by substituting Eq. (10) into Eq. (6) we obtain the
term Q, which is a sum of three terms, Q1, Q2 and Q3:
Q =
[
H×2
(
H ′2+HH ′′
)
(1+ z)2−10HH ′ (1+ z)+9H2
w
]
+
[
H2× 3w(3H−2H
′ (1+ z))
w
]
+
[
H× w
′ (1+ z)
(
3H2−2HH ′ (1+ z))
w2
]
= Q1+Q2+Q3. (11)
From a functional point of view, Q is a function of H(z),
H ′(z), H ′′(z), z and w. So there is degeneracy between Q and
w when H(z) is determined. But there may exist some spe-
cial redshifts where Q is independent of w. To elaborate this,
5the structure of Q is studied and the three terms are discussed
in the order of Q3, Q2, and Q1. First of all, Q3 is equal to 0
since w is assumed to be a nonzero constant in this paper. Q2
is independent of w since w in the numerator and denomi-
nator cancel out. Finally, we focus on Q1, whose numerator
looks like a quadratic function with respect to (1+ z), but
actually it is not. Considering H(z) and its derivatives are
indeed functions of z, Q1 is a complex function of z and w.
But there exists special D-B points, which are determined
by the redshift where Q1 is equal to zero. At these points Q
is independent of w, in other words, the degeneracy between
Q and w is broken. To illustrate the D-B point, five curves of
Q˜(z,w)=Q/H3GP with different w values are shown in Fig. 3.
The common crossover is the D-B point, which locates at
z≈ 1.40. Each Q(z,w) is reconstructed by using the GP and
MCMC methods and the HGP(z) is the mean value of the re-
constructed H(z) in Subsection 2.2. Q˜ is plotted instead of Q
to avoid curves being hard to distinguish at the lower value
region. From Fig. 3, we can know Q(zD-B)≈ 1.23H3GP(zD-B) -
it is indeed positive. But considering its error of reconstruc-
tion, how far does it deviate from zero? It matters because
of the following. When Q(zD-B) 6= 0, the interaction exists.
However, when Q(zD-B) = 0, the existence of the interaction
is uncertain since dynamical Q(z) may happen to be zero at
the D-B point or there exists no interaction at all. Therefore,
the D-B point loses most of its meaning when Q(zD-B) is
very close to zero. Fortunately, this situation corresponds to
a very small probability. Q2, which is equal to Q at the D-B
point and plotted in Fig. 4, shows a property of being greater
than zero by more than 2σ at any redshift. Here we use GP
and MCMC methods for reconstruction. The results are the
same when changing to different w values since Q2 is inde-
pendent of it. So Q(zD-B) is positive with a high probability.
Although the existence of the D-B point is theoretically
guaranteed, it is impractical to make measurements at this
precise redshift because of the unavoidable observational er-
rors. However, the D-B point is still meaningful for breaking
degeneracy between Q and w thereby making tighter con-
straints nearby the D-B point. This will be explained in the
following.
In order to illustrate the feasibility of the D-B point in
observation, we take derivative of Q with respect to w. From
Eq. (11), we obtain the error propagation function as fol-
lows:
|∆Q(z)|=
∣∣∣∣Q1(z)w
∣∣∣∣×|∆w|= g(z)×|∆w| , (12)
here g(z) is an amplification factor that links the error of
Q(z) with that of w. The mean value of g(z) is obtained by
performing the GP and MCMC methods as shown in Fig. 5.
It is clear that near the D-B point, g(z) is smaller than any-
where else. Though it is impossible to do cosmic measure-
ments at this precise redshift, it is still helpful to make tighter
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Q(z) = Q/H3GP
Fig. 3 Curves of Q˜(z) = Q/H3GP with five different w values, illustrat-
ing the D-B point at the crossover. Each blue curve is Q˜(z) with w
equals to the value noted at the top right. Q˜(z) is plotted here instead of
Q(z) to avoid curves being hard to distinguish at the lower value region.
Each Q(z) is reconstructed via GP and MCMC from OHD (Table 1).
And HGP(z) is the mean value of the reconstructed H(z) in Subsec-
tion 2.2. The gray dashed horizontal and vertical lines meet at the D-B
point, which corresponds to z≈ 1.40 and Q(zD-B)≈ 1.23H3GP(zD-B).
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Fig. 4 Reconstruction of Q2(z) via GP and MCMC from OHD (Ta-
ble 1). The black line is Q2(z). The blue bands show 1σ and 2σ regions
of reconstruction. The gray dashed horizontal line shows the value of
zero. Note that the value of Q2(z) is greater than zero by more than 2σ
at any redshift within z ∈ [0,2.4].
constraints of the interaction nearby the D-B point in prac-
tice.
Now let’s calculate the location of the D-B point. It is
determined by the redshift where Q1 is equal to zero. By
using GP and MCMC methods, Q1 can be reconstructed.
And therefore the location of D-B point in the range of z ∈
[0,2.4] can be obtained: It belongs to a normal distribution
with a mean value zD-B ≈ 1.4026 and a standard deviation
σ ≈ 0.0058, which is shown in Fig. 6. Here we apply the
Gaussian covariance function as Eq. (1). The optimized val-
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g(
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M
pc
3 ]
1e7
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g(z)
Fig. 5 Amplification factor g(z) of error propagation between Q and
w. The blue line is g(z), which is reconstructed via GP and MCMC
from OHD (Table 1). The gray dashed horizontal line shows the value
of zero. Note that, the g(z) reaches its minimum of zero at the D-B
point and remains relatively small nearby. It means tighter constraints
of the interaction can be made nearby the D-B point.
ues of hyperparameters are σ f ≈ 157.62, l ≈ 2.16. There are
many choices of covariance functions. Ref. [50] Shows that
the Matern (v= 9/2) covariance function is a better form to
obtain reliable results for supernovae data, given by:
k(zi,z j) = σ2f ×Exp(−
3|zi− z j|
l
)× (1+ 3|zi− z j|
l
+
27(zi− z j)2
7l2
+
18(zi− z j)3
7l3
+
27(zi− z j)4
35l4
).
This form has been used in some other work [51–55], lead-
ing the redshift of D-B point to a different normal distri-
bution with zD-B ≈ 1.3659 and σ ≈ 0.0064. The optimized
hyperparameters are σ f ≈ 164.11, l ≈ 2.85 now. As we can
see, the different choices of covariance function will affect
the reconstructed H(z) and its derivatives, hence affecting
the location of the D-B point. Under certain conditions, the
D-B points may even disappear. If zero is not a plausible
value of Q1, the D-B point no longer exists.
4 Conclusions
We studied the interaction term Q in cosmological models
with interaction between DE and DM. Its structure shows
that when Q1 = 0 and the DE EoS w is assumed to be con-
stant, there exists a model-independent D-B point, where the
degeneracy between Q and w is broken, thus the interac-
tion can theoretically be probed. In order to explore model-
independent properties of Q, the GP and MCMC methods
are used to reconstruct the needed quantities that are not
based on cosmological models. To illustrate the D-B point,
functions Q(z) with different w values are reconstructed.
The common crossover depicted in Fig. 3 is the D-B point,
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Fig. 6 Distribution of the redshift of the D-B point. The black line
is the probability density of a best-fit normal distribution. The mean
value of the distribution is zD-B ≈ 1.4026 and the standard deviation is
σ ≈ 0.0058.
where Q(zD-B) does not depend on the constant DE EoS
w. And the value of Q(zD-B) is greater than zero by more
than 2σ . Therefore, the D-B point is meaningful in theory.
Though it is impossible to do cosmic measurements at this
precise redshift due to unavoidable observational errors, it
is still helpful to make tighter constraints of the interaction
nearby the D-B point in practice. Lastly, we reconstructed
the distributions of the D-B point with two covariance func-
tions for comparison. A normal distribution with a mean
value of zD-B ≈ 1.4026 and a standard deviation σ ≈ 0.0058
or zD-B ≈ 1.3659 and σ ≈ 0.0064 is obtained with Gaus-
sian or Matern (v = 9/2) covariance function respectively.
Though the location of the D-B point depends on the Hub-
ble parameter and its derivatives, its property for breaking
degeneracy is cosmological-model-independent.
We thank Y. L. Li for useful discussions. Z. Zhou thanks
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